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Stirling Cryocooler Model with Stratified Cylinders and
Quasisteady Heat Exchangers
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A new one-dimensional model of Stirling cryocoolers is presented. A new rate-dependent heat exchanger
model is coupled with our existing stratified, isentropic cylinder model. As before, the regenerator is modeled
as isothermal, and pressure is modeled as spatially uniform. The heat exchanger model assumes that the time-
dependent mass flow rate in the heat exchanger is spatially uniform. This is a fair approximation if the heat
exchanger volume is relatively small compared to the displacement. Under that assumption, the conservation
laws for mass and energy can be integrated in closed form with respect to the space variable, in all the spaces,
including cylinders and dead volumes, heater, cooler, and regenerator. This reduces the problem to a set of
ordinary differential equations with respect to time, for pressure, velocity, and temperature, or entropy at the
interfaces between the different spaces. We solve these equations numerically. Results are presented, which
show that for typical cryocooler designs, losses due to irreversible heat transfer can be limited to a small fraction
of the adiabatic loss. In contrast, the adiabatic loss remains roughly constant for all geometric designs with the

same compression ratio.

Nomenclature
¢, = specific heat at constant pressure
¢, = specific heat at constant volume
d = tube diameter
f = arbitrary dimensionless factor
k = thermal conductivity
L = length
Nu = Nusselt number (based upon diameter)
Pr = Prandtl number
p = pressure
R = gas constant, ¢, — ¢,
Re = Reynolds number
St = Stanton number
s = entropy
T = temperature
t = time
U = velocity scale
u = velocity
X = position
y = ratio of specific heats, c,/c,
p = density
T = period
Subscripts
i = sequential time step number
L = corresponding to the left piston position
m = characterizes the regenerator matrix temperature
R = corresponding to the right piston position
w = characterizes the heat exchanger wall temperature
1 = corresponding to the interface left cylinder volume/
heat exchanger volume
2 = corresponding to the interface heat exchanger
volume/right cylinder volume
Superscripts
+ = for a discontinuous variable, value on the right side

of a discontinuity
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— = for a discontinuous variable, value on the left side
of a discontinuity
initial time on a characteristic

Introduction

UR approach to modeling is predicated upon an un-

compromising mathematical and numerical rigor, ap-
plied to a physical model that is simple enough so that a
rigorous solution is feasible. Validation of the program is then
completely independent of any physical issue; it consists of
answering the following question: is the solution that is found,
a true, valid approximation to the exact solution of the math-
ematical problem that is being posed? If that is the case, its
validity having been established based upon its own merits,
the numerical technique is presumably no longer an issue
when discussing the results. It is then possible to analyze the
results in light of the physical model exclusively. Therefore,
the effect of simplifications of varying accurateness or realism
that the physical model incorporates is not clouded by doubts
that might arise regarding the numerical technique.

Thus, we consider a limited physical model that offers spe-
cific answers to a limited problem, but with a high degree of
confidence. This was the case of the isothermal/isentropic
model for adiabatic losses in Stirling cryocoolers,' which im-
plemented a simple physical model, taking the heat exchang-
ers as isothermal, and assumed that in the near-adiabatic
cylinder spaces, the flow is isentropic and stratified,'-* i.e.,
time-dependent and one-dimensional in space. That model
did not attempt to predict anything beyond one specific loss,
the so-called adiabatic loss. That loss occurs because of the
presence of the interface between near-adiabatic and near-
isothermal regions in the device. Indeed, the isentropic and
isothermal processes are both reversible, so that in the model,
no irreversibility can occur within either volume. However,
the temperature of the fluid delivered by the isentropic cyl-
inder space to the neighboring isothermal heat exchanger nor-
mally does not match the heat exchanger temperature, so that
an irreversibility is unavoidable at the interface. While that
loss is independent of any finite rate mechanism, it is not
predicted by the classical Schmidt model,* and it is not very
amenable to empirical models.

In contrast with limited models that focus on specific losses,
global numerical models attempt to provide global answers
that take into account all significant aspects. But because of
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the difficulties they involve, and because of the magnitude
of the numerical problem that results, their solution may re-
quire so many short cuts and compromises that they may turn
out to be unreliable, complicated, or expensive. Global mod-
els*~'? typically implement a nurmerical, usually finite differ-
ence, approximation of the conservation laws. Besides often
being unwieldy, they also are inherently unable to divide the
losses into contributions that can clearly be allocated to spe-
cific physical mechanisms.

Since our stratified model' remained a purely thermody-
namic model in the sense that all results were independent of
rate processes, predicted performance remained independent
of the speed of the device. The heat exchangers were assumed
to be isothermal, which is clearly not very realistic, except in
some cases for the regenerator.

In this article, we propose a realistic heat exchanger model
that can easily be coupled with the stratified cylinder model,
but accounts fairly accurately for nonideal heat transfer in the
freezer and cooler. For the regenerator, we retain the iso-
thermal assumption. The new heat exchanger model shares
one key property with the stratified cylinder model. All three
models, for the cylinders, the heat exchangers, and the re-
generator, lead to field equations that can be integrated in
closed form with respect to the space variable, so that the
global problem can be reduced to a set of ordinary differential
equations that depend upon time only. In contrast with our
previous model,' we now take into account that heat transfer
is a time-dependent process, and performance results are thus
no longer independent of the speed of the device.

The heat exchanger model is valid in the limit of a residence
time in the heat exchanger that is negligible compared to the
period of revolution of the machine. In that case, both flow
and heat transfer can be analyzed as being quasisteady. The
time-derivative terms in the conservation equations become
negligible compared with convective terms, and the mass flow
rate can be approximated as spatially uniform in the heat
exchangers. Time now enters the equations only as a param-
eter, through the boundary conditions, which retain their time
dependency. The residence time in the heat exchanger is small
if the heat exchanger volume is small compared with the dis-
placement.

Physical Model

In the same way as in the adiabatic model,’ the device is
represented as spatially one dimensional, and the cycle fluid
is an ideal gas with constant specific heats at least locally. The
cryocooler includes five main volumes: two cylinder spaces,
the regenerator, the freezer, and the cooler. The heat ex-
changers consist of batteries of identical tubes, placed at the
interfaces between each cylinder space and the regenerator,
and their total volume is small compared with the displace-
ments. As before, in the cylinders and dead volumes between
cylinders and heat exchangers, the flow is isentropic and strat-
ified, and the regenerator is isothermal.

The longitudinal x coordinate is rescaled so as to represent
volume rather than length, but Reynolds and Nusselt numbers
are calculated based upon actual areas, velocities, and sizes
of the flow passages. The problem geometry is then as rep-
resented in Fig. 1. The spatial domain is the interval [x, (¢),
xr(D)]. x,(f) and x(t) describe the piston positions (or swept
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Fig. 1 Notation and indices.

volumes); they are known, periodic, functions of time. The
expansion space, including adiabatic dead volume between
cylinder and freezer, is the volume between x, and x,, and
the compression space and dead volume is the volume be-
tween x, and xg. Although x, and x vary in time, x7, xj,
x5, and x%, which represent the limits of the heat exchang-
ers, are fixed. The regenerator is the volume between x7
and x5.

We assume pressure to remain spatially uniform. This is a
leading-order approximation to the momentum equation that
subsequently plays no further role in the model. Equations
(1) and (2) are then the one-dimensional mass and energy
conservation equations, with the pressure gradient term, which
is negligible, dropped from the energy equation:

ap a _
o + P = 0 (1)
aT dp  4Nu(Re)k
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In Eq. (2), heat transfer has already been written in terms of
an empirical convection model. There is no alternative to this,
because the one-dimensional model is inherently unable to
handle the true, multidimensional, representation of convec-
tion as a combination of conduction within the fluid, plus
motion of the fluid. The Nusselt and Reynolds numbers are
based upon the transverse scale d, which represents the size
of the flow passages.

In the regenerator, heat transfer is very effective; so that
the right side of Eq. (2) is then very large compared to the
left side, and conservation of energy is reduced to the state-
ment that the fluid temperature equals the temperature of the
matrix.'* Furthermore, if the thermal mass of the matrix is
also very large, its temperature varies very little. If both the
thermal mass and the heat transfer coefficient are infinite, the
regenerator is isothermal: at any location within the regen-
erator, gas and matrix are at the same time-independent tem-
perature, which is then determined by its (arbitrary) initial
value. (To find the actual temperature profile attained in the
periodic operation of an actual machine, the finite heat trans-
fer rate and the finite thermal mass must be taken into ac-
count, so that the temperatures are allowed to float and even-
tually reach a stationary regime.'?) However, our isothermal
regenerator is reversible; there are no regenerator losses, and
the only effect of the specific temperature profile adopted in
our model is to determine the mass of fluid contained within
the regenerator. We assume a linear profile, which actual
distributions do not depart much from, and the resulting error
will thus not be significant, compared with the loss that we
neglect.

In the adiabatic spaces, a situation opposite to that in the
regenerator occurs; the heat transfer area is small so that little
heat transfer occurs. The right side of Eq. (2) is then much
smaller than the left side. Taking into account that the spatial
pressure gradient is zero, Eq. (2) with a zero right side implies
conservation of entropy.

Finally, in the heat exchangers, an intermediate situation
occurs; both sides of Eq. (2) play a role, and a more subtle
simplifying assumption is called for: the quasisteady heat ex-
changer approximation.

The simplified heat exchanger model that we now propose
is valid for small residence time, i.e., for (L/U) << 7, in
which L is the heat exchanger length, U is the magnitude of
the velocity in the heat exchanger, and 7 is the period. If
(L/IU) << 7, then (d8/6t) << u(d/dx) so that time-dependent
terms in Egs. (1) and (2) are negligible compared to the
convective terms u(3/dx). In the continuity equation, Eq. (1),
that hypothesis implies that the mass flow rate pu is spatially
uniform. In Eq. (2), (8/0f) << u(d/dx) implies that the time-
derivative of temperature is negligible compared to the con-
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vective term. Because p = pRT, and c,/R is of order unity,
the third term in Eq. (2), i.e., the time-derivative of pressure,
has the same magnitude as the first term and it is thus also
negligible.

Because (in our machine with unit cross section), the mag-
nitude of the velocities equals the displacement divided by
the period, the residence time in the cylinders is necessarily
of order unity if the period is taken as the yardstick for time.
Thus, the residence times in the heat exchangers will be neg-
ligible, provided that the volume of the heat exchangers is
negligible compared with the displacements. The exchangers
can consequently be represented as interfaces with zero length,
so that x7 = x7 = x,, and x; = x3} = x,. However, across
these interfaces, temperature experiences a jump determined
by the quasisteady approximation to Eq. (2), obtained by
neglecting the time-dependent terms:

o 0T _ 4Nuk
Py ax  dL

(T, - T) 3

Or, rearranging

oT _  4Nu(Re)

+4Sz(Re) B
=21, - 1) @

dx  RePrL (7. =T

The =+ sign on the right side of Eq. (4) is necessary because,
although actual velocities can be in either direction, the Reyn-
olds number is based upon the (unsigned) magnitude of ve-
locity. The + sign corresponds to a positive velocity and vice
versa. The Reynolds number depends upon pu, which de-
pends upon time, but is independent of x. Furthermore, if we
neglect the fact that viscosity depends upon temperature that
varies with x, then the coefficients on both sides of Eq. (4)
are independent of x. Integration of Eq. (4) from x~ to x*
= x~ + L yields

T(x*) = T, + [T(x~) — T, Jexp[F4S5t(Re)] (5)

in which the — sign is valid when velocity is positive and vice
versa. The empirical relationship between the Stanton and
Reynolds numbers must be obtained from experiments. Re-
sults below were obtained with the empirical correlation of
Eq. (6), but if another formulation is more appropriate, it is
a simple matter to insert it in the code:

Nu = 0.021Re"* (6)

When the fluid in the heat exchanger is moving in the
direction toward the cylinder, its temperature when entering
the heat exchanger from the regenerator is the temperature
of the regenerator end. While unknown initially, that tem-
perature is time-independent, if the regenerator is isothermal.
Assuming a known initial value for that temperature, Eq. (5)
can directly be used to determine the temperature of the fluid
entering the cylinder, after it has moved through the heat
exchanger.

In the other direction, when the flow goes from the cylinder
through the heat exchanger into the regenerator, Eq. (5) de-
termines the temperature at which the fluid is delivered to
the regenerator. That temperature varies with time. Nor-
mally, it will not match the fixed temperature of the regen-
erator matrix. A situation similar was encountered in the
adiabatic-isothermal model.' In that model, the temperature
of the extremity of the heat exchanger set was known, equal
to the known heat exchanger temperature. But in that model
the actual heat exchanger was part of the isothermal set, and
an energy exchange with the outside world occurred in order
to maintain the specified temperature. Now, we have only
the regenerator proper within our isothermal volume; the
regenerator is not in thermal contact with outside; instead,
in the periodic regime it conserves energy, so that the energy

brought in by the fluid entering from the heat exchanger is
necessarily equal to the energy removed with the fluid when,
later within the period, the fluid returns to the heat exchanger.

While Eq. (5) determines the temperature of the fluid en-
tering the regenerator from the heat exchanger, after the
velocity reverses, the fluid leaving the regenerator and moving
into the heat exchanger has a temperature equal to the tem-
perature of the regenerator matrix at its end. The net ex-
change between the fluid and the regenerator matrix over one
full period is zero. The net enthalpy brought into the regen-
erator by the fluid, at the temperature determined by Eq.
(5), when the flow goes into the regenerator, is necessarily
equal to the enthalpy brought back to the heat exchanger
when the flow returns, and is at the temperature of the ex-
tremity of the matrix. This determines the initially unknown
temperature of the regenerator end.

The above set of approximations determines our physical
model. Its mathematical equivalent is the following periodic
boundary value problem characterized by Eq. (7).

The problem is to find time-periodic solutions u(x, t), p(t),
p(x, 1), T(x, fy and s(x, ¢}, with x defined in the interval [x, (?),
xg(1)], satisfying Eq. (7):

ap 0
—— + — =
o T =0 (72)
T=T,x) for x € (x,x,) (7b)
ds ds ,
5+u570 for x & (x, x5) (7v")
p = pRT (7c)
dp dp
Rds =c¢,— —¢c,— 7d
, %, (7d)
Boundary conditions are
L dx,
u(x,) = d (7e)
— de
ulxg) =~ (7f)

The jump condition at x, and x, is

(o)~ = (pu)° (7e)
T(x*) =T, + [T(x™) — T,Jexp{=4St[Re(pu)]} (7h)

x,(f) and xg(f) are the piston positions, which are known,
periodic functions of time with period r. T, is equal to the
freezer or cooler wall temperatures, which are known. T, (x)
is an unknown linear function of x, such that the net total
heat exchange with the regenerator, at each end, is zero. St
is a known function of the Re, which is linear in pu.
Equation (7a) is the continuity equation, Eq. (1). The re-
generator is isothermal, hence, Eq. (7b). In the cylinders,
material particles retain their entropy, hence, Eq. (7b’).
Equations (7c) and (7d) are the equations of state. At the
piston faces, the velocity of the fluid is equal to the piston
velocity, providing us with the boundary conditions, Egs. (7¢)
and (7f). Equation (7g) states that the mass flow rate is con-
tinuous in the (small) heat exchangers. Finally, Eq. (7h) is
Eq. (5), the energy equation for the freezer and the cooler.
The same technical difficulties related to being well-posed
arise as in the adiabatic model'; indeed, in the periodic bound-
ary value problem as posed, the temperature of the fluid that
never leaves the cylinder spaces is indeterminate. However,
provided that the mean pressure is specified, results such as
refrigeration and efficiency can be found, which do not de-
pend upon these temperatures. Like before, these difficulties
apply to the periodic boundary value problem, but not to the
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equivalent initial-boundary value problem that our numerical
solution actually seeks by marching in time, because in the
initial value problem, these temperatures are determined by
their initial values.

Finally, inspection of the problem defined by Eq. (7) reveals
that it only depends upon mean pressure and the period of
revolution in the combination p/7. Indeed, if all temperatures
and entropies are maintained constant, but p and time are
multiplied by an arbitrary factor f, Egs. (7a), (7b), (7d), (7g),
and (7h) remain unchanged, while in Eq. (7c), both sides are
multiplied by f, and in Eqs. (7e) and (7f), both sides are
divided by f.

Solution Technique

Our goal here is primarily to describe the mathematical
process of solving the boundary value problem determined
by Eq. (7). While, in the description that follows, we refer
to the variables, equations, and coordinates by their physical
names, all manipulations are valid and can be justified on
their own merit without any physical reference.

The solution technique is similar to the solution that was
adopted for the adiabatic model,! to which we have added
the heat exchanger model. By replacing all other variables in
the continuity equations as functions of pressure and its time
derivatives, we obtain an equation that, after discretization,
leads to an explicit, first-order accurate scheme. A periodic
solution 1s then sought iteratively, by marching in time, start-
ing from arbitrary initial conditions. Besides p(¢), the absolute
constants 7,,(x,) and T,,(x,) are also unknown; we start from
an initial guess for all three unknowns. p(¢) is recalculated at
each time step, whereas T,.(x,) and T,,(x,) are re-evaluated
only once after each complete period. The iterative procedure
is structured around Egq. (8), which is obtained by replacing
pressure in Eq. (7a) by its value given by Eq. (7¢) and inte-
grating the resulting equation over the regenerator length,
i.e., between x, and x,:

dp [ 1 _
R ) e G, = (o), = 0 ®)

Since T, is linear in x, the integral in the first term of Eq.
(8) can be calculated from the guessed values of 7,,(x,) and
T,(x-). We shall see also that if T,,(x,) and T,,(x,) are known,
the values of the second and third terms in Eq. (8), (pu), and
(pu),, can be determined at each time step as functions of
p(t) and dp/dt, by solving for the cylinder and heat exchanger
processes, therefore allowing for our iterative solution.

But we focus first on 7,,(x,) and T,,(x,), which while time-
independent, are unknown (see Physical Model section). Their
value can actually be determined from the requirement that
the net heat exchange with the regenerator is zero at each
end:

L puT dt = 0 )

When the flow is in the direction from the regenerator into
the freezer, the temperature of the fluid leaving the regener-
ator equals 7T,,(x,), the temperature at the extremity of the
regenerator. When the flow is in the other direction the tem-
perature of the fluid varies and depends upon the cylinder
and heat exchanger processes. Splitting the integral in Eq. (9)
by the direction of the flow, we have

LD“ puT dt + T,(x)) LK“ pudt =0 (10)

In our iterative solution, we start from a guessed value for
T,(x,), as we march in time we use Eq. (10) during each
revolution (or period 7) to recalculate a new value of 7,,(x,),
that we then use for the next revolution. This requires us to

accumulate the values of the two integrals: 1) the energy flow
and 2) the mass flow into the regenerator, during that part
of 7 where the flow is in the direction into the regenerator,
noting that at the periodic regime that is sought, the total
mass flow rate in one direction becomes equal to the mass
flow rate in the other direction. (Accumulation of the first
integral requires that the temperature T of the fluid entering
be known. At each time step, T will be determined by the
heat exchanger and cylinder flow, as seen in the next para-
graphs.) The cooler end of the regenerator is dealt with in
the same way as the freezer. This provides us with updated
values for T,,(x,) and T,,(x,) after each period, which even-
tually converge toward a steady, fixed value.

Next, to evaluate the terms (pu), and (pu), in Eq. (8), we
consider the cylinders and heat exchangers. In Eq. (7b'), we
replace ds as a function of pressure and density from Eq. (7d).
Since pressure depends upon time only, its spatial derivative
vanishes. Density is then eliminated, using its value from Eq.
(7a), resulting in Eq. (11). Finally, the integration of Eq. (11)
between x, and x, leads to Eq. (12):

1 dp ou
——+ —=0
yp dt  ox (an
_dx,  1dp
U= p df X = x;) (12)

According to Eq. (7g), pu is constant throughout the heat
exchangers. Thus, its value on the regenerator side of the heat
exchanger in Eq. (8) can be replaced by its value on the
cylinder side. Velocity on the cylinder side is given by Eq.
(12). To find the density on the cylinder side as a function of
pressure, we still need the temperature of the fluid entering
or leaving the cylinder. Fluid entering the cylinder has a tem-
perature determined by the heat exchanger, it is given by Eq.
(7h), knowing that the fluid that entered the heat exchanger,
at its other extremity on the regenerator side, was at 7,,(x,),
for which we have a value.

When the flow is in the other direction, the temperature
of the fluid delivered by the cylinder to the heat exchanger
depends upon the history of the flow in the cylinder. While
in the cylinder, each parcel of fluid retains its entropy, so that
the entropy of the parcel of fluid returning to the heat ex-
changer is equal to the entropy of that same parcel when it
entered the cylinder. Thus, we need to track the path of each
particle in the cylinder, or equivalently, we need to solve the
entropy equation, Eq. (7b"), on characteristics defined by Eq.
(13). On those characteristics, entropy is constant; Eq. (7b")
becomes ds = 0. (However, different characteristics carry
different values of entropy.)

u(x, 1t = % (13)

Replacing u in Eq. (13) by its value from Eq. (12), and
integrating between t*, at which a parcel of fluid leaves x|,
and ¢, when that parcel returns to x,;, we obtain Eq. (14):

mo[x‘xm>y=1
pe*) L = x (%)

(14)

Knowing the past pressure history, Eq. (14) allows us to find
the time ¢* at which the parcel that returns to the interface
cylinder-heat exchanger at ¢ had previously left that interface.

Since the entropy of that parcel of fluid remained constant
during that process, and knowing that when the particle left
X,, its temperature was equal to the (known) temperature of
the fluid delivered by the heat exchanger, Eq. (14) can be
used to determine the temperature of the fluid returning to
the interface at ¢.



Finally, Eq. (7h) determines the temperature of the fluid
exiting the heat exchanger into the regenerator. As we saw
above, that temperature is needed to evaluate the first term
in Eq. (10), which is used, after one full period, to recompute
anew value of T,, at the regenerator end. After flow reversal,
the fluid delivered to the heat exchanger from the regenerator
is then at the fixed temperature 7,,.

The information necessary to construct an iterative solution
for pressure is thus complete. However, Eq. (14) determines
only implicitly the relationship between ¢ and ¢*, so that at
each time step an iterative search is required. In principle,
our initial set of hyperbolic partial differential equations has
been reduced to an ordinary differential equation for pres-
sure, albeit with a time shift of magnitude that varies over
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the cycle and that can only be determined by a search process
over the previous history of the cycle. Replacing (pu), and
(pu), in Eq. (8) by the values of u from Eq. (12), and ex-
pressing p from the gas law, we obtain Eq. (15):

dp (1 o, [de 1 dp

RdiJ T, RT;
p |dx 1 dp
- L | =y - = 15
RT- [dt p de & T (15)

Finally, the temperatures 7% and 77 can be replaced by
their values calculated following either of the two procedures
described above, depending upon the direction of the flow.

For details and a complete discussion about the numerical
implementation, we refer to our adiabatic, stratified model.'
The main features of the scheme can be summarized as fol-
lows. A periodic solution is reached by marching in time. The
scheme is only first-order accurate because the iterative search
on the pressure history is essentially first-order accurate. Pres-
sure is renormalized after each revolution to compensate for
the numerical error on mass conservation, since the scheme
is not inherently mass-conservative. As before, a time step of
+ of one crank angle degree results in a numerical error that,
compared with results at significantly finer resolutions, is found
to be insignificant.

Results

We used the code described above (the source code is avail-
able for inspection and noncommercial use as per the con-
ditions specified in the program copyright notice), to model
a cryocooler with a design somewhat similar to the Philips
cryocooler with magnetic bearings.'** Helium was adopted
as the cycle fluid. The temperatures were 65 and 285 K, re-
spectively, for the freezer and cooler walls. Dimensions were
as follows, using the regenerator volume as the unit volume
and its net cross section as the unit cross section: 1) expansion
space: displacement = 0.166, dead volume = 0.112; 2)
compression space: displacement = 1.555, dead volume =
2.250; 3) regenerator: length = 63 mm; 4) freezer: total net
cross section = 0.072; tube diameter = 0.2 mm; length =
44 mm; 5) cooler: total net cross section = 0.162; tube di-
ameter = 0.7 mm; length = 63 mm; and 6) phase angle
(between piston faces): varied between 18—90 deg.

As mentioned above, our physical model yields the same
solution for all combinations of pressure and frequency with
the same product, which we varied in the range from 1.62
MPa X rpm to 1.62 10° MPa X rpm. The lower value cor-
responds to a machine that is so slow that the effects of finite
rate mechanisms become negligible, with results comparable
with those from the isentropic/isothermal model.! The upper
limit was high enough so that a substantial performance drop
could be observed.

Results are shown in Figs. 2-5. As speed approaches zero,
heat transfer rates approach infinity and the only loss that
remains is the adiabatic loss. We verified that our results
approach, as they should, the results given by the adiabatic

Pressure x Speed/1.62 (MPa x rpm)

Fig. 2 COP/Carnot COP vs speed, at various phase angles.
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Fig. 3 Refrigeration relative to isothermal, vs speed, at various phase
angles.
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Fig. 4 Temperature at cold end of regenerator, vs speed, at various
phase angles.

model with ideal, isothermal heat exchangers. That limit-case
corresponds to the lower range of abscissae, for which the
results are indeed undistinguishable from those given by the
adiabatic model. Figure 2 shows that the adiabatic loss is
larger at larger phase angles. However, the refrigeration pre-
dicted by the adiabatic model is also larger, so that, on Fig.
3, while the relative refrigeration decreases as the phase angle
is increased, its actual value increases considerably, starting
from zero for a zero phase angle, and reaching a maximum
for a phase angle just under 90 deg.

In Fig. 2, we see that for a moderate pressure X speed
combination, corresponding roughly to the design conditions
for the Philips cryocooler, i.e., a pressure in the 1-2-MPa
range and speeds in the 1000-3000-rpm range, the effect of
nonideal heat transfer in the freezer and cooler is minimal
compared with the adiabatic loss, which is substantial and
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Fig. 5 Temperature at warm end of regenerator, vs speed, at various
phase angles.

cannot be reduced without also reducing the specific refrig-
eration. This happens even though, as Figs. 4 and 5 show, in
that range of pressure X velocity, the temperatures at the
two ends of the regenerator are already significantly different
from the heat exchanger wall temperature, especially on the
cooler side.

Figure 3 presents the ratio refrigeration relative to isother-
mal refrigeration. Isothermal refrigeration, i.e., refrigeration
as predicted by a Schmidt analysis, was chosen as the refer-
ence because, besides being proportional to pressure and speed,
it also accounts for most of the effect of the phase angle on
the compression ratio. (But adiabatic cylinders result in a
higher compression ratio than isothermal cylinders, hence, a
relative refrigeration greater than one.)

In Fig. 3, the ratio refrigeration relative to isothermai re-
frigeration is shown to increase slightly with speed or pressure,
before eventually deteriorating at high speed X pressure com-
binations. However, Fig. 2 shows that the slight increase in
refrigeration is accompanied by a slight decrease in efficiency.
Refrigeration is affected by factors such as the phase angles
between pressure and volume in the cylinders, which depend
upon the temperature at which the fluid is delivered from the
heat exchangers into the cylinders. Nonideal heat transfer in
the heat exchangers has an effect on the phase angles between
pressure and cylinder volume, which in the case that we mod-
eled, resulted in a small increase in refrigeration, and may
actually have had a positive effect on efficiency. That may
explain why efficiency deteriorates so little with frequency in
Fig. 2. :

One cannot, however, conclude from our results that heat
exchanger losses are always insignificant and would therefore
not be worth analyzing. This model will remain useful, even
though the results that we present show that the particular
loss that we address is not necessarily significant. Indeed, for
nonoptimal heat exchangers, the loss will be large.

Furthermore, our physical model includes only one of the
various time-dependent rate mechanisms that affect perfor-
mance. As our results show, it may in some cases be possible
to design heat exchangers with minimal losses, and in that
case, other rate mechanisms such as viscous stresses, me-
chanical losses, regenerator ineffectiveness, and fluid leakage
across piston seals will then likely have a much more dramatic
impact on overall performance. Since we do not account for
those potentially much more significant mechanisms, the cur-
rent model cannot be expected to predict the global effects
of pressure and speed, except perhaps in a narrow range. The
model will likely not predict trends observed in experiments
in which pressure and speed are varied. The use of the model
is thus limited to the prediction of adiabatic and heat losses
exchanger. Other losses, such as conduction losses, or me-
chanical losses, depend mostly on a different set of design
parameters, and it will often be more effective to evaluate
them separately.

Conclusions

The proposed model can be used very effectively to study
or predict adiabatic and heat exchanger losses. For well-de-
signed heat exchangers, the model shows that in some situ-
ations, such as the one we modeled, it is possible to reduce
the heat exchanger loss to an insignificant fraction of the
adiabatic loss. The adiabatic loss is due to the cylinders de-
livering fluid to the heat exchangers at the wrong temperature.
Thus, the actual irreversibility that the adiabatic loss entails
occurs as an entry effect in the heat exchangers, which is
unavoidable regardless of the effectiveness of the heat ex-
changer, and, except for the compression ratio, is relatively
insensitive to the geometric design. If besides the adiabatic
cylinders, nonideal heat transfer is taken in consideration, the
results change in three different ways. There is an additional
irreversibility in the heat exchangers. But also, the temper-
ature of the fluid delivered to the cylinders is modified, which
indirectly affects the magnitude of the adiabatic loss. Finally,
in the adiabatic model, the adiabatic loss physically appeared
as an irreversible discontinuous temperature jump, associated
with a finite, discrete amount of heat transfer to the wall at
the heat exchanger entry contiguous to the cylinder. With the
heat exchanger model added, that jump is now resolved and
the spatial distribution of the corresponding heat exchange is
now accounted for. Our results indicate that under appro-
priate conditions, the presence of nonideal heat exchangers
may actually slightly reduce the adiabatic loss, at least to the
extent that the total loss does not significantly increase in the
presence of irreversible heat transfer.

Our model is based upon a closed-form integration with
respect to the space variable. Only in time is a numerical
solution required. This leads to a model that is very efficient
and cheap to implement numerically. As a result, the program
is very quick, which makes this model suitable for systematic
investigations of large portions of the parameter space. It is
a good alternative to the isothermal models often used as the
core of simple Stirling models, because the adiabatic loss is
evaluated by modeling the fundamental processes rather than
by an empirical model. However, if realistic overall perfor-
mance results are to be predicted with any degree of accuracy,
all other significant losses that this model is not concerned
with must be evaluated and accounted for.
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